We explicitly solve for the aggregate asset pricing quantities of a general equilibrium Lucas endowment economy inhabited by two agents with habit formation preferences. Preferences are modeled either as internal or external habits. We allow for agents' heterogeneity in relative risk aversion and habit strength. Equilibrium quantities, such as equity premium, equity volatility, Sharpe ratio, interest rate volatility, and asset holdings are computed using a recently developed algorithm of Dumas and Lyasoff (2011) . The algorithm is refined to capture time-nonseparability induced by habit. We obtain that internal habits provide for a considerable improvement in obtaining aggregate asset pricing quantities consistent with historically observed magnitudes as opposed to "catching up with Joneses" preferences. Habit formation heterogeneity: Implications for aggregate asset pricing
Introduction
The objective of this paper is to study the effect of habit heterogeneity on aggregate asset prices in a general equilibrium economy with two agents, which are heterogeneous with respect to their coefficients of relative risk aversion and habit preferences. Habit preferences are defined as external or internal habit formation. We consider a complete financial market where traded securities are a risky stock and a short-term discount bond. We study the effect of heterogeneity in habits on aggregate asset prices, namely, interest rate volatility, equity premium, equity return volatility, and Sharpe ratio.
There are two building blocks in our model, agents' heterogeneity and habit formation. On one hand, habit formation models became increasingly successful and important in explaining a number of dynamic asset pricing facts, such as the equity premium puzzle, (see, e.g. Constantinides (1990) , Campbell and Cochrane (1999) , and Abel (1990) , (1999)), as well as macroeconomic facts, such as output persistence, savings and growth, and response of consumption to monetary shocks (see, e.g., Boldrin, Christiano, and Fisher (2001) , Carroll, Overland, and Weil (2000) , and Fuhrer (2000)). However, different studies use different habit formation models without much guidance from the theory or empirical work about which preferences should be used. Although there are some empirical studies that explore whether different types of habit matter for matching conditional moment restrictions implied by the asset pricing theory (Chen and Ludvigson (2009) , Grishchenko (2010) , Dai and Grishchenko (2005) ), the literature on computing explicit asset prices under different types of habits is virtually non-existent. In this paper we fill this gap.
On the other hand, various studies in the last decade have shown that heterogeneity among agents should be an important feature of the consumption-based equilibrium model. Heterogeneity can be modeled either with respect to preferences in a time-separable setting (see, e.g., Dumas (1989) , Wang (1996) , Bhamra and Uppal (2010) ), idiosyncratic consumption and labor income risk (see, e.g., Constantinides and Duffie (1996) , Brav, Constantinides, and Geczy (2002) , Jacobs and Wang (2004) , Malloy, Moskowitz, and Vissing-Jørgensen (2009) , Grishchenko and Rossi (2011) ), beliefs (see, e.g., Detemple and Murthy (1994) , Xiong and Yan (2010) ). Some studies solve models where heterogeneity (usually in risk aversion) is introduced in the models with habit formation (see, e.g. Chan and Kogan (2002) , Guvenen (2005) , Pijoan-Mas (2007) , Xiouros and Zapatero (2010) , Ehling and Heyerdahl-Larson (2010) ). These studies consider only "catching up with Joneses" preferences, either multiplicative or additive. However, no one to date has explored the heterogeneity with respect to internal habit preferences. In the current study we fill this gap and model these two effects simultaneously. To our knowledge, our paper is the first to solve for equilibrium asset prices in the model that allow for (i) different type of habit in the preferences: namely, either external habit formation model (also known as "Catching up with Joneses") or internal habit formation; and (ii) heterogeneity in habit preferences' parameters between two agents. Namely, we ask the following two questions:
Q1: Do internal habit (IH) formation models and their external counterparts (EH) obtain the same aggregate asset prices?
Q2: Does heterogeneity with respect to parameters in the habit process helps to obtain aggregate asset pricing quantities consistent with historically observed asset prices?
The difference between two habit types, namely external habit and internal habit preferences, lies in the effect that current consumption has on future habit. Abel (1990) , Gali (1994) , and Campbell and Cochrane (1999) were among the first to study models with external habit formation and their implications for asset pricing (see also Bekaert, Engstrom, and Grenadier (2010) , Wachter (2006) , Menzly, Santos, and Veronezi (2004) ). 1 In these models past consumption enters into the habit process but has no effect on current consumption choice; that is, habit formation is an externality. On the other hand, Abel (1990) , Ryder and Heal (1973) , Dunn and Singleton (1986) , Sundaresan (1989) , Constantinides (1990) , and Detemple and Zapatero (1991) study habit persistence, or internal habit formation, where past consumption choice enters into the habit process and affects current and future consumption choices. As a result, these two types of habits produce different pricing kernels and, consequently, lead to different asset pricing implications.
Empirical studies related to habit persistence are rather limited. Up to date, most of the habit formation models have been set and then calibrated to historical data to examine how well they fit unconditional and conditional moments of asset returns. Empirical exceptions in the lit-erature represent Ferson and Constantinides (1991) , Heaton (1995) , Dunn and Singleton (1986) , and Dynan (2000) . Ferson and Constantinides (1991) , for example, find empirical support for a one-lag internal habit in quarterly consumption data, while Heaton (1995) finds evidence for a multi-lag habit in the same data. On contrary, Dynan (2000) uses annual household food consumption data and finds no evidence for habit formation. Recently, Chen and Ludvigson (2009) and Grishchenko (2010) show, using quarterly consumption data and different econometric methods that preferences with internal habit formation are more consistent with observed aggregate asset prices than preferences with external habit. Korniotis (2010) finds support for external habit in annual consumption state-level data. Our approach is different from all papers mentioned above because we do not treat aggregate prices as given but explicitly compute them.
Although methods involving calibration, simulation, and econometric estimation of habit formation models present a step forward in learning about habit specification properties consistent with equilibrium prices, an ultimate solution for the equilibrium prices in the presence of various types of time-nonseparability is missing. Our paper fills this gap. Moreover, we contribute to the literature on heterogeneity in asset pricing by modeling agents' heterogeneity and habit formation in the fundamentally new way: the agents in our model differ with respect to the habit formation process, which might incorporate either internal or external habit specifications.
The general equilibrium quantities in a discrete time, finite horizon economy are determined by a recently developed recursive backward scheme in the paper of Dumas and Lyasoff (2011) .
The crucial features of their algorithm (designed for time-separable preferences) that permits one to work only backwards in time instead of being stuck with a usual backward-forward procedure, are the time shift of the budget equation and the choice of the endogenous state variable (grid). 2
With time-nonseparable preferences the problem is much more severe, since the pricing kernel at time t is affected by the whole future consumption stream. For our purposes, we are able to generalize their procedure to capture time-nonseparable preferences when allowing for one lag in the habit formation process. Our paper represents one of the first attempts that apply and extend the powerful algorithm of Dumas-Lyasoff to study various asset pricing questions.
The Buss, Uppal, and Vilkov (2011) paper is another example of the application of the Dumas-Lyasoff framework where the authors solve for asset pricing quantities in the general equilibrium set up with transaction costs and recursive utility.
There are several findings that emerge in our study. First, we answer the Q1 question positively, finding that internal habits present a considerable improvement over external habits.
The reason is that the pricing kernel at every point in time is non-trivially affected by the consumption decisions made in the previous period, feature that is absent in the external habit formation models. Second, we match the equity premium, volatility of the stock market, and Sharpe ratio with the coefficient of relative risk aversion equal to 5 and internal habit strength parameter of a representative agent equal to 0.4. Third, we find that a combination of risk aversion coefficients 7 and 4 and habit coefficients 0.3 and 0.5 is able to match historically observed equity premium, volatility, and Sharpe ratio. The undesirable feature of our stylized model is that the model produces too high interest rate and interest rate volatility. However, we focus in our paper is on quantifying the difference between internal and external habits and do not attempt to resolve simultaneously both equity premium and risk-free rate puzzles. The answer to the Q2 question is negative. We do not find that heterogeneity in habit preferences produces substantially different results than a representative agent framework with habits. This result is possibly due to the complete market setting that we aim to relax in future research.
The rest of the paper is organized as follows. Section 2 presents the model, Section 3 describes the solution method, Section 4 reports results, and Section 5 concludes.
The Model

Information structure
We consider a Lucas (1978) -type exchange economy on the finite time span, discrete time space, T = {0, 1, ..., T }, and discrete state space. Uncertainty is represented by a filtered probability space (Ω, F, P, F), where F = {F t } t∈T (F T = Ω) represents the information flow or the tree structure, respectively, on which a one-dimensional Binomial process D is defined.
Agents' endowments and preferences
The economy is populated by two agents (or, two types of agents). At time t, agent i maximizes his life-time expected utility U i,t , i = 1, 2:
where c i,t and x i,t are individual consumption and habit levels. 3 We consider internal and external habit formation preferences in the additive form, where intratemporal utility is written over the difference between consumption and habit. 4 Constantinides (1990) studies internal habit formation preferences, Campbell and Cochrane (1999) -external habit model. 5 We also present a case of time-separable CRRA preferences, which is our benchmark case. In all settings below the risk aversion coefficient γ i and the habit parameters are agent-specific. We assume that the time discount factor β is the same for both agents. Next, we specify the intratemporal utility specifications and their associated marginal rates of substitution:
CRRA time-separable case. Intratemporal utility function for agent i is given by:
Then marginal rate of substitution of agent i at time t is:
In all other cases intratemporal utility is defined over surplus consumption z i,t : 
where per-capita consumption is defined as C t = 1 2 (c 1,t + c 2,t ).
Unlike an economy with a continuum of investors, neither of the "little" c is infinitesimally small with respect to C t as our economy is populated by two agents. Nevertheless, in this setting we 
In both cases b i denotes the habit strength.
When habit preferences follow Definition 1, the marginal utility of consumption and pricing kernel are given by:
and
When habit preferences follow Definition 2, marginal utility of consumption and marginal rate of substitution are given by:
In all our models the marginal rate of substitution is identical to the pricing kernel. 7 We allow for two sources of heterogeneity in the model: a relative risk aversion coefficient γ and a habit parameter b. 8 We need to explore the main driving force of heterogeneity in the model solution.
In sum, we consider three models: benchmark CRRA model and two habit models: external and internal habits in the additive framework.
Description of the market
The economy is a standard Lucas (1978)-type economy. There is one risky asset, which produces a stream of dividends {D t } 0≤t≤T , D 0 > 0, in the form of a single perishable consumption good.
The dividend dynamics is captured by a simple binomial process:
where
In the tradition of Cox, Ross, and Rubinstein (1979) we denote the nodes s = u, d for "up" and "down" as the two successor nodes of a given node ξ at time t. 9 The stock S t , S T = 0, is a claim on dividends, defined in (11). Additionally, there exists a locally risk-free (short-term) bond B t at 0 ≤ t ≤ T − 1:
where r t is a one-period interest rate.
Equilibrium conditions
In this section we describe the equilibrium conditions and outline the solution algorithm. Denote In some cases, e.g., when frictions are included in the asset pricing models, the marginal rate of substitution might differ from the pricing kernel. This is, for example, the case in the presence of portfolio constraints and/or transaction costs.
8 It is possible to introduce heterogeneity in the time-discount factor, initial endowment and initial habit. Flow budget constraints:
The initial budget constraint is used to solve for time 0 consumption c 1,0 :
where ω 1 ∈ [0, 1] and ω 2 = 1 − ω 1 together with ψ 1 ∈ (−∞, ∞) and ψ 2 = −ψ 1 denote the initial endowment (prior to time 0) of both agents in the stock and in the riskless asset, respectively. 11
The right-hand side of (13) 
The systems (13) and (15) are subject to terminal conditions at time T : S T = 0 for the stock price and F i,T = 0, i = 1, 2 for exiting wealth .
Aggregate resource constraint: An aggregate resource constraint holds at any point in time
10 Where a state subscript s is omitted, it is meant that the equation holds for both states. 11 For the purposes of this paper, ψi = 0, i = 1, 2. 12 Note, that in a complete market agents even agree on the pricing kernel, nevertheless we solve for equilibrium using the kernel conditions, such that the algorithm can be taken over to solve for incomplete market equilibria.
t, 0 ≤ t ≤ T − 1, and each state:
At time 0 the aggregate resource constraint is:
Market clearing conditions: for 0 ≤ t ≤ T − 1 markets have to clear -while the stock is in positive net supply, the short-term bond is in zero net supply. We normalize the number of shares of the risky asset in the economy to be in unit net supply, such that the terms portfolio holdings and weights are equivalent:
where θ i,t and α i,t , i = 1, 2, are agent i's portfolio holdings in a risky asset S t and a short-term bond B t , respectively. We solve for the decision variables θ 1,t , α 1,t , c 1,t+1,u and c 1,t+1,d using the system of four equations (13) and (15), aggregate resource constraint (16), and market clearing conditions (18).
At every point in time T \{T } and every node Dumas and Lyasoff (2011) solve the system of equations for time-separable preferences and find stock and bond prices S t and B t , and the exiting wealth of the first agent, F 1,t = θ 1,t S t + α 1,t B t , for every value on the grid c 1,t ∈ (0, D t ). The next section provides more details on the interpolation and the backward induction procedure in case of time-nonseparable utility, induced by habit.
Solution method
In this section we outline the Dumas and Lyasoff (2011) algorithm, compare it with other algorithms and discuss our modification which captures time-nonseparability, induced by habit.
While attempts to solve heterogeneous agents models with external habit (Chan and Kogan (2002) , Xiouros and Zapatero (2010) , Ehling and Heyerdahl-Larson (2010) and HeyerdahlLarsen (2010) among others) have already been successful, this paper is the first attempt to solve a model with heterogeneity in the habit formation process, especially internal habit. In order to understand the advantage of the Dumas-Lyasoff algorithm over the "traditional" approach and the global method we start with a review of both methods. We then describe the refinement of the Dumas-Lyasoff algorithm necessary for the model solutions with timenonseparable preferences.
Global method
Global solution for the equilibrium results from all equilibrium conditions (kernel, budget, aggregate resource) for all points in time and all nodes being stacked together into one system of equations. Equilibrium consumption, portfolio holdings, and asset prices are the resulting (unique) solution (for given initial endowments), when the system converges.
The global system delivers reliable solutions for models with power preferences, with solutions being quite insensitive to starting values. However, it is not the case for time-nonseparable preferences. Theoretically, the global method is not limited to time-nonseparability in the utility function, in general, or the number of lags in the habit process, in particular. However, due to path dependency of the optimal consumption process, induced by habit formation, the corresponding consumption tree is not recombining. The resulting system incorporates a large number of equations and decision variables, such that the solution becomes sensitive to proper starting values.
The solution for a power utility model can be used as a starting value for a model with slightly increased habit strength and/or curvature parameter. Repeated use of such a procedure delivers a solution for fixed risk-aversion and habit strength parameters (γ 1 , γ 2 , φ 1 , φ 2 ). Unfortunately our tests have shown that this technique is not powerful enough to solve a model with internal habit formation and an economy's life time of more than T = 5, even with tiny steps. The reason is that the number of equations grows exponentially on a non-recombining tree. 13
Further, one often requires to plot equilibrium values against initial consumption share. The
Dumas-Lyasoff algorithm provides these functions as an implicit outcome of the solution process,
13 See Dumas and Lyasoff (2011) for a more rigorous discussion on this topic.
while one would need repeatedly to rerun the global method for various values of consumption share between zero and one. In view of the procedure for the iteration of proper starting values, this can be very time-consuming.
"Traditional" recursive approach
"Traditional" recursive approach can be viewed as an alternative to a global solution method.
With this method, it is possible to solve a model recursively, state by state and period by period.
The advantage is that the system of equation has a low dimensionality and, thus, is less sensitive to a choice of starting values. Further, it is possible to exploit the recombining structure of the exogenous state variable. The system of equations is given through kernel conditions, a budget equation, and an aggregate resource constraint (which is necessary to determine consumption of agent 2) associated with the node ξ at time t: 14
Decision variables here are time-t consumption and portfolio weights. One could a priori think of using the entering wealth (RHS of (19)) as a grid variable. But this choice is not very helpful because it is not clear how to set an upper bound for the wealth variable (see Aiyagari (1994) for a discussion). Longstaff (2009) addresses this problem by choosing "entering" portfolio weights as endogenous state variables. However, lower and upper bounds of portfolio weights are only known under short-sale and borrowing constraints or when it is possible to argue that short-selling will not occur in equilibrium and the riskless security is absent, as in Longstaff In general, a "traditional" method presents a backward-forward scheme, which is its most severe drawback, besides the difficulty of choosing appropriate endogenous state variables. The reason is that at time t one solves for consumption c 1,t , which also enters the pricing kernel at time t − 1. However, using an idea of Dumas and Lyasoff (2011) for passing interpolated functions over to the next backward step, it is possible to avoid the forward step by interpolating time-t consumption on the grid of wealth/entering portfolio weights and pass it over to time (t − 1). With internal habit, additionally time-(t + 1) consumption should be interpolated on the grid and passed over to the next backward step.
Dumas-Lyasoff algorithm
Dumas and Lyasoff (2011) modify the "traditional" approach, by replacing the budget equation at time t with budget equations of all successor nodes of the state (t, ξ). As in the "traditional" method one solves for (θ t , α t ), but instead of solving for time-t consumption, one solves for the future consumption plans c s t+1 , s = u, d. The idea behind this regrouping is that the portfolio holdings (θ t , α t ) finance the future consumption plan c s t+1 , s = u, d. The remaining unknown in the system is time-t consumption, which forms the grid and has well-defined bounds provided by the aggregate resource constraint. This implies that in a market with N assets and L agents the grid has a dimension of L − 1. 1617 In our case the system of equations is 4-dimensional (L = 2, N = 2), whereas the grid for power-, recursive-, and external habit preferences is one dimensional. Buss, Uppal, and Vilkov (2011) propose an extension of the Dumas-Lyasoff method to capture time-nonseparability induced by Epstein-Zin preferences and transaction costs. 18 In the next section we show how to incorporate in the algorithm time-nonseparable preferences induced either by external or internal additive habits. The same algorithm can be also applied to multiplicative habit preferences.
16 This discussion does not apply to models, where trading restrictions are imposed exogenously (Longstaff (2009 ), Wu (2011 ) or where it might become optimal not to trade endogenously (see, e.g., Buss, Uppal, and Vilkov (2011) and Buss and Dumas (2011) ).
17 At any point in time, any state, and every grid value the system of non-linear equations is (
For a trinomial (quadrinomial) tree the "2" should be replaced through "3" ("4").
18 See also Buss and Dumas (2011) and Buss (2011) .
Time-nonseparable preferences
Consider a binomial tree that has t + 1 nodes at time t. Pricing kernel dependence on past consumption arises from introducing a one-lag habit in the utility function. Two paths lead to (t − 1)−intermediate nodes at time t, partially breaking down recombinicity and yielding 2 + 2(t − 1) = 2t nodes. Nevertheless, for external habit one only has to care about path dependency because habit is modeled as per-capita consumption, which is given on the tree.
However, for internal habit agent's individual consumption forms the habit process, x i,t = b i c i,t−1 , and enters the algorithm as another endogenous state variable.
External habit. The pricing kernels for agents 1 and 2 for external habit preferences given in Definition 1 are:
where initial habit is defined as
and every grid value c 1,t ∈ (0, D ξ t ) the system of equations (13) and (15) 
Internal habit. Internal habit preferences are defined in (2) and the pricing kernels for 0 ≤
where c 2,t+τ = D t+τ − c 1,t+τ , τ = −1, 0, 1, 2.
As pricing kernels in (21) indicate, past consumption c 1,t−1 enters as an additional endogenous state variable with domain c 1,t−1 ∈ (0, D t−1 ), as opposed to a simple externality in the external habit case. For the same reasons as above the second grid-dimension is
). Unfortunately, these bounds are not tight enough, because they only guarantee positive surplus consumption but not the positivity of marginal utility and of the pricing kernel. So, for a given c 1,t−1 we search for the c 1,t -grid, such that the marginal utility and the pricing kernel of each agent remain positive. Since this grid is endogenous and its size is different for every c 1,t−1 , a feasibility area (shown on Figure 1 ) over which we have to interpolate is not rectangular but is a set of scattered data points.
For interpolation we use the method of Renka and Cline (1984) , which allows to interpolate over arbitrarily distributed points on the plane. In addition to the stock price and exiting wealth, as for time-separable preferences, next period consumption c s 1,t+1 is interpolated on the specified two-dimensional grid to be used in the next backward step. The bounds of these decision variables can be tightened a priori as follows:
There are two reasons why interpolation over an endogenous feasibility area is preferred to interpolation over a rectangular grid
First, our numerical results show that at the grid points outside the feasibility area (either below the upward slopping dotted blue line or above the downward slopping dotted blue line) one of the agents has a negative pricing kernel leading to a negative price, while the other agent still sets a positive price. Because agents do not agree on prices of traded assets, two This figure represents the two-dimensional grid for a generic node, where the first grid dimension is c 1,t−1 ∈ (0, D t−1 ). To exclude negative surplus consumption the second grid dimension is
The area bounded by blue dots represents the feasibility area, where agents agree on prices. For each c 1,t−1 this area is found from inside, starting at the bold bullets and moving up-and downwards, until the boundary (negative prices) is reached.
equilibrium conditions (kernel conditions for bond and stock) are not satisfied, implying that no equilibrium can arise outside the feasibility area. Second, because equilibrium conditions cannot be satisfied, the solver keeps on running as long as the termination conditions are reached. Thus, computational time increases significantly, especially with a large number of such grid points.
Results
In this section we discuss the asset pricing implications of internal and external habit models outlined in Section 2. Average equity return µ R and average interest rate µ r are given by:
and volatilities of equity return σ R and interest rate σ r are given by:
We define equity premium as:
and Sharpe ratio as:
For each model specification we present the interest rate volatility, equity premium, volatility of equity return, Sharpe ratio, stock and bond holdings for agent 1 at time 0. Time-zero values are representative for the whole equilibrium and do not differ from averaged values over all paths.
All numbers are annualized. We report these results as functions of risk aversion parameters γ 1 and γ 2 of the two agents. We report results for T = 6 (following Dumas and Lyasoff) and for T = 20 to verify that our results are not driven by the time horizon issue. We provide historical asset prices in Table 2 as point of comparison to our model solutions. for T = 6 and T = 20, respectively. We find that internal habits have better ability to match asset prices with reasonable γ coefficients at all levels of b. For an example, γ = 5 and b = 0.3 an internal habit provides the equity premium equal to 3.14% per year while under external habit it is 2.24%. As Table 2 shows, equity premium has been close to 8% historically. The equity volatility in the IH case is lower than historical too (11.29% vs. 15.06%), but overall this combination results in a reasonable Sharpe ratio of 0.28. At the same time, the model produces a well-known risk-free rate puzzle, the demonstration of the unrealistically high volatility of the interest rates compared with observed levels. For instance, γ = 5 and b = 0.3 speciation produces the volatility of the risk-free rate equal to 10.2%! With a higher risk aversion γ = 7 and b = 0.5 we definitely "over-shoot" the equity premium magnitudes, but we keep these results to compare with the ones of a heterogeneous agents' economy. It is difficult to say what would be a correct level of habit strength in this setting. Constantinides (1990) estimates that b = 0.82 is consistent with the historical first moments of the aggregate asset returns. Grishchenko Table 3 ).
Representative agent economy
Economy with two agents
In this section we discuss results in the economy populated by two agents with various degrees of risk aversion and/or habit strength parameters. For each of Tables 4 through 9 we provide solutions for the following pairs of γ 1 and γ 2 : (4,2), (7,2), (7,4), and (5,5). As before, we vary 20 For a one agent economy the asset pricing quantities can be computed by pure backward induction on the tree, because the aggregate resource constraint, Ct = Dt determines the pricing kernel. Further, aggregate consumption coincides with aggregate per-capita consumption.
the habit strength parameters of both agents to be 0, 0.3, and 0.5. So, we have 9 combinations of habit strength parameters and 4 combinations of risk aversion parameters. For each such combination, we compute prices both for internal (IH) and external (EH) habit types.
Equity premium
The first observation from Table 4 is that one definitely needs some sort of nonseparability in the preferences for both agents. When either one or two agents have CRRA utility function, the model is unable to fit an equity premium at any reasonable level of risk aversion.
Second, the first combination of the risk aversion coefficients (γ 1 , γ 2 ) = (4, 2) shows that it is not feasible to match equity premium for any combination of reported habit strength parameters (b 1 , b 2 ). For example, when b 1 = b 2 = 0.5, IH produces 4.53% for the equity premium, while EH -1.87%. For a longer horizon (T = 20, Panel B) IH and EH produce 5.06% and 2.03%, respectively. When we move to (7, 2) combination for risk aversion, the equity premium is closer to observed, but still low: IH gives 6.22% and 7.27% for T = 6 and 20, respectively. It is interesting to note that internal habit has a higher effect on raising the equity premium in the longer term (T = 20), than external habit does: in the IH case, equity premium increases by more than 1%, while in the EH case, the equity premium increases by 47 basis points. It is to be expected since internal habit has impact on future consumption choices by construction whereas external habit represents a mere externality. This relationship is true for every combination of risk aversion coefficients. Eventually, the combination of γ coefficients (7,4) and internal habit match the equity premium when habit strength parameters are set to b 1 = 0.3 and b 2 = 0.5.
At the same parameters, external habit produces only 4% equity premium. Overall, our results suggest that external habit would match the same moments with much higher levels of habit strength coefficients than internal habit, which seems to be unreasonable given the empirical evidence. 21 In sum, we conclude that internal habit is a more promising type of nonseparability than external one for matching the equity premium.
21 Grishchenko (2010) estimates the long-run mean of habit process to be around 0.67. However, it is difficult to say what habit strength is particularly judgemental when applied to the case of heterogeneous agents. We are able to solve the model for arbitrary high habit strength in the case of external habit, but in the internal habit case, when both agents have high habit strength the feasibility area becomes evanescent, either leading to numerical problems or requiring very fine step size of the grid. Table 5 reports the results for equity volatility solutions defined in Eq. (24). As in Table 4 , Panel A shows that equity volatility increases with the habit strength of one or both agents and also with the risk aversion parameters. For an example, internal habit obtains σ R = 16.89%
Equity volatility and Sharpe ratio
for γ 1 = 4, γ 2 = 2 with habit strength b 1 = b 2 = 0.5, and σ R = 19.41% for γ 1 = 7, γ 2 = 2 and the same habit parameters. (γ 1 , γ 2 ) = (7, 4) combination matches the equity volatility (15.18% vs. 15.06% observed) for b 1 = 0.5 and b 2 = 0.4. At the same time, external habit specification results in a considerably lower equity volatility. We observe similar solutions when we increase our horizon to T = 20. Equity volatility and equity premium solutions lead to the results in the Sharpe ratio consistent with the above results. Thus, for a combination of risk aversion parameters of 4 and 2 and equal habit strength parameters (γ 1 , γ 2 , b 1 , b 2 ) = (4, 2, 0.5, 0.5) we obtain a Sharpe ratio of 26.85% for internal habit and 18.16% for external habit. A combination of parameters (γ 1 , γ 2 , b 1 , b 2 ) = (7, 2, 0.3, 0.5) and internal habit obtains a similar Sharpe ratio of 26.26%, while external habit produces a Sharpe ratio of 19.78% for this combination. We conclude that this pattern is monotonic with respect to either increasing risk aversion parameter or increasing habit strength. Also, external habits fare much worse in terms of matching aggregate moments than internal habits do.
Interest rate volatility
The interest rate volatility reported in Table 7 manifests the "achillean heel" present in many asset pricing models. While internal habit stochastic discount factor is more volatile than external one, this has a spillover effect on the interest rate volatility. Thus, interest rate volatility is much higher in the internal habit case than in the external habit, both of them are unreasonably high. Only specifications with mild enough habit parameters produce reasonable levels of the interest rate volatility, but these levels are not enough to match other moments, like equity premium. The example is the parameter combination (γ 1 , γ 2 , b 1 , b 2 ) = (4, 2, 0, 0.3), in which case internal habit produces interest rate volatility 2.17%, while external habit -1.67%. Table 8 reports stock holdings θ 1,0 (in shares of unity) results for agent 1. Three findings emerge here. First, for a fixed level of risk aversion, the amount of risky holdings moderately increases, but remains at a less than 50% level if the agent 1 has higher risk version than agent 2. Thus Panel A shows that for (γ 1 , γ 2 ) = (4, 2) and a fixed habit strength of agent 2 b 2 = 0.3 the amount of risky holdings increases from 0.41 to 0.44 as habit strength of agent 1 increases from 0 to 0.5 in internal habit case. We obtain a similar effect for external habit case.
Stock holdings
Second, if we increase risk aversion of the agent 1 from 4 to 7, the amount of risky holdings is lower overall, but it still increases with habit strength from 0.37 to 0.40. Third, increased risk aversion parameter of agent 2 (the combination of (γ 1 , γ 2 ) = (7, 4)), then the risky holdings of agent 1 increase compared with those of (4,2), because agent 2 becomes relatively more risk averse and gives up a share of his consumption holdings to a agent 1. Again, this dynamics is very similar across internal and external habit cases. Also, Table 8 presents the case when two agents have identical risk attitude (γ 1 , γ 2 ) = (5, 5) but might have different habit strength parameters. When b 2 > b 1 we obtain that the risky asset share of agent 1 is higher than that of agent 2. Higher habit strength agents chose lower risky asset share in equilibrium because their current consumption choice has a higher effect on future consumption (in the internal case) and so they aim to reduce exposure to risky assets and maintain (or increase) the level of consumption. Still, in this particular case, when the risk aversion parameters are the same, this effect is rather mild: agent 1 has only 2% higher risky asset share than agent 2. Naturally, when both agents have the same risk aversion and same habit parameters, they share the risks equally and the economy becomes identical to a representative agent economy. The results are similar for T = 20. Table 9 reports the bond holdings α 1,0 of agent 1. First, as a habit strength parameter b 1 increases, agent 1 decreases his bond holdings α 1,0 , which is a result of his increasing stock holdings θ 1,0 . Since agent 1 is restricted in funds, he chooses to lend lower amount to agent 2 because he invests more in risk assets as shown in Table 8 and discussed in Section 4.2.4. This effect is slightly lower under EH specification. Second, as the risk aversion of agent 1 increases from 4 to 7, and the risk aversion of agent 2 stays unchanged, agent 1 reduces his exposure to stocks (θ 1,0 is lower) and invests more into bonds (α 1,0 is higher). Thus, for (b 1 , b 2 ) = (0.3, 0.5) combination we obtain that bond holdings of agent 1 increase from 0.23 to 0.33 under IH specification. This effect is similar for EH preferences and this combination of habit strength parameters. It is interesting that as we move to the case when agent 2 has a risk aversion of 4 (instead of 2), the bond holdings of agent 1 drop significantly (the stock holdings of agent 1 increase at the same time). External habit specification produces a similar picture. Panel B reports the results for T = 20 case. When both risk aversion and habit strength of the agents are the same, we obtain a representative agent case and, naturally, obtain that bond holdings are zero, because bonds are in a zero net supply when we aggregate. When agents do not differ with respect to risk aversion (γ 1 = γ 2 = 5), the effect of habits on bond holdings can be seen more clearly. If b 1 < b 2 then agent 1 can afford to invest relatively more in the stock market because his current consumption choice has a lesser effect on future consumption. Indeed, his share of stock θ 1,0 > 0.5 in this case (see Table 8 ). To achieve this, agent 1 borrows from agent 2, which is manifested by α 1.0 < 0. This finding is similar for both shorter-and longer-horizon economies. The bond holdings results are largely unchanged across internal and external habit specifications.
Bond holdings
Habit with Epstein-Zin preferences
In addition to our internal and external habit preferences considered in the intertemporal power utility setting, we have also solved our model with both types of habits in the Epstein and Zin (1989) recursive preferences. Epstein and Zin (EZ) utility function differentiates between relative risk aversion coefficient and the elasticity of intertemporal substitution (EIS). It is easy to obtain that the EZ preferences imply the same form of the equity premium, as power utility. However, recursive preferences have different implications for the solution for the riskfree rate. 22 At the same time Kocherlakota (1990) shows that if consumption growth follows a random walk process, Epstein-Zin utility converges to power utility and, thus, the EIS coefficient becomes essentially an inverse of RRA coefficient. Yang (2009) argues that habits can potentially account for this problem because habit formation generates persistent variations in the surplus consumption across time. In this setting, even though consumption growth is a random walk in the model, surplus consumption varies counter-cyclically. As a result, the model with habits and recursive preferences is not equivalent to power utility.
Our preliminary findings (not reported) indicate that EIS is an important driving force of the results. For example, a high enough EIS (around 1 and higher) helps to match the interest rate and interest rate volatility, but significantly decreases other economic variables, e.g., equity premium, compared to the habit-power utility case. It might be possible, that even with habits in recursive preferences, one might need some sort of incompleteness to pin down both, equity premium and risk-free rate puzzles. We leave this for future work a rigorous investigation of such preferences.
Conclusion
In this paper, we study the effect of alternative types of time-nonseparability (habit formation) on asset prices in a general equilibrium Lucas endowment economy with two heterogeneous agents with respect to their habit preferences and coefficients of relative risk aversion. We study asset pricing implications in a complete market setting and explore the improvement of introducing heterogeneity in habit formation over the representative agent framework. We also compute explicitly stock and bond holdings of two agents. We model nonseparability in preferences either as internal or external habits. We look how the model fares in terms of matching first and second moments of aggregate asset prices, namely, equity premium, volatility of equity return, Sharpe ratio, and interest rate volatility. Equilibrium quantities are determined by a recently developed algorithm of Dumas and Lyasoff (2011) , which is refined to capture time-nonseparability.
22 See, e.g., Chapter 14 in Pennacchi (2008) book.
There are several findings that emerge in our study. First, we answer question 1 set forth in the introduction of the paper positively by concluding that internal habit is a more promising type of nonseparability than external one. Second, we match the equity premium, volatility of the stock market, and Sharpe ratio with the coefficient of relative risk aversion equal to 5 and internal habit strength parameter of a representative agent equal to 0.4. Third, in the case when two agents differ with respect to risk aversion and habit strength parameters we find that a combination of risk aversion coefficients 7 and 4 and habit coefficients 0.3 and 0.5 is able to match historically observed equity premium, volatility, and Sharpe ratio. Fourth, in our stylized set up, we still face the risk-free rate puzzle, as neither of our specifications is able to match equity premium and interest rate volatility simultaneously. However, the purpose of the current study is not to explain both puzzles simultaneously, but to demonstrate that internal habit is preferred over external habit preferences in terms of matching some important moments with more reasonable coefficients of risk aversion and habit. Last but not the least, the answer to the second question is negative. In the current set up we did not find that habit heterogeneity helps with regard to replicating major features of the aggregate stock market. A possible explanation is that we considered our model in the complete market setting. A natural extension of this work is to consider our model with habits in an incomplete market set up with some frictions such as transaction costs, borrowing constraints, or other kinds of limited market participation.
This represents the venue for our future research. This table presents time 0 solutions for the equity premium for the economy with two agents which differ by habit preference type (internal or external) and/or level of their relative risk aversion (RRA) coefficients. b 1 (b 2 ) denotes the habit strength of the first(second) agent, γ 1 (γ 2 ) denotes the RRA coefficient of the first(second) agent. Panels A and B present solutions for the economy with time horizon T = 6 and T = 20, respectively. Time discount factor β = 0.999, initial endowments are equal for two agents: ω 1 = ω 2 = 0.5. All numbers reported are in absolute values. 
